Introduction
In [4] and [7] , Burch and Kohn proved that when R is a commutative Noetherian ring, and n a natural number that is the homological dimension 3 of a torsionless R-module, then there exists an ideal in R generated by at most 3 elements, whose homological dimension is precisely n. Buchsbaum and Eisenbud [3, pg. 135, Conjecture; see also Theorem 7.2] have further conjectured that 'every' finite free resolution is a free resolution of such an ideal. We prove the following generalisation of their conjecture:
be a projective resolution of M , where F m is a free R-module and M is an m-torsionless Rmodule (or equivalently, M is an m-th syzygy module) having a well defined rank. Let r be the rank of the submodule Im(f m+1 ). Then there exist homomorphisms:
c : F m → R r+m ; f m : R r+m → R 2m−1 ; f j : R 2j+1 → R 2j−1 , j = 1, . . . , m − 1 such that if f ′ m+1 := c • f m+1 , the sequence:
is exact. (Theorem 3). When m = 2 and the F k , k = 2, . . . n are free modules, we obtain the conjecture of Buchsbaum and Eisenbud.
Our result also shows that any natural number that is the homological dimension of an m-torsionless R-module is the homological dimension of an m-torsionless R-module of rank m generated by at most 2m + 1 elements.
The maps f i and c above are constructed in Theorem 2, which states that if firstly M is an m-torsionless R-module of rank r > m and of finite homological dimension, and if secondly g : R n → M is an epimorphism, then there exists a basis element x of R n such that M/Rg(x) is m-torsionless and of rank r − 1. This result requires that g(x) can be included as part of a basis for the free R p -module M p for all prime ideals p of R having the property that depth(R p ) ≤ m. Buchsbaum and Eisenbud have shown the existence of such elements x ∈ R n , assuming certain hypotheses on the Krull dimension of the ring R/p. We are able to prove a similar statement, in which we replace their hypotheses on the Krull dimension of R/p with conditions on the difference between m and the depth of R p (Theorem 1).
One may replace the condition on the homological dimension of M in the previous paragraph with a condition on the regularity of the rings R p whose depth is at most m and still have the result hold. For rings satisfying this condition, we are able to generalize a theorem of Bourbaki [2, pg. 76, Theorème 6], which states that any m-torsionless R-module of rank at least m is an extension of an m-torsionless R-module of rank m by a free R-module (Corollary 2 to Theorem 2).
In our paper, R will throughout denote a commutative Noetherian ring and all R-modules M, N, . . . shall be finitely generated. We denote by Q(R) the total quotient ring of R. If M ⊗ Q(R) is a free Q(R)-module, then the rank of M (denoted rank M ) is defined to be the number of elements in a basis of M ⊗ Q(R). We remind the reader that if any two modules in a short exact sequence have well defined ranks, then so does the third ([9, chap 6]). We denote the homological dimension of M over R by dh(M ), and the homological codimension (depth) by codh(M ). When R is a local ring we define the (well-defined) number of elements in a minimal generating set of M by µ(M ). Ass M denotes the (finite) set of associated primes of M . We denote the grade of an ideal a (with respect to elements in R) by grad(a); thus grad(a) =min{codh(R p ) | p ⊃ a}. For notational convenience, we shall define C n to be the set of prime ideals p of R such that codh(R p ) ≤ n.
We briefly explain the notion of 'm-torsionless' for a module. Suppose M is torsion-free).
(s m )
M is an m-th syzygy module of a projective resolution.
(t m ) M is m-torsionless.
When the localization R p is a Gorenstein ring for all prime ideals p ∈ C m−1 , the above equivalences also hold even if dh(M ) is not finite [6, Theorem 4.6] . We call rings R satisfying this property on its localisations m-Gorenstein. In this paper we will only consider m-Gorenstein rings; in fact, the rings R p : p ∈ C m−1 , shall be regular local rings.
In formulating Theorem 1, we have used the term 's-basic'. A submodule
In the proof of Theorem 1 we consider the set of prime ideals of R such that µ(M p ) > n. This set is a variety in Spec(R): if I n (M ) is the sum of colon ideals (N : M ) where N is generated by at most n elements, then µ(M p ) > n if and only if p ⊃ I n (M ).
On the existence of basic elements
In this section we shall prove Theorem 1. The theorem asserts, under certain conditions, the existence of elements y ∈ M that are basic at all p ∈ C m . The result will allow us to pass from an m-torsionless R-module M to an m-torsionless R-module M/Ry. Theorem 1 is largely analogous to [5, Theorem A]; we replace their condition on the Krull dimension of R/p by a different condition on p and an additional condition on M . (Remark 1 following the proof of Theorem 1 indicates a special case of this result). Theorem 1. Let n ≥ 0 be a natural number and M be an R-module such that for all prime ideals p, q ∈ C n we have that
We largely follow the proof of Proof. The case a = R is trivial. So suppose that a R and let x 1 , . . . , x n , where n = grad(a), be an R-regular sequence contained in a. Then if p ⊃ a, x 1 , . . . , x n is also an R p -regular sequence; thus when codh(R p ) = n, we have:
Thus p ∈Ass (R/(Rx 1 + · · · + Rx n )). But there are only finitely many primes in Ass (R/Rx 1 + · · · + Rx n ).
Proof of Theorem 1. (1) follows from (2) by taking x 1 , . . . x k to be members of a system of generators of M . We will prove (2) by induction on k. The case k = 1 is trivial. Suppose then that k > 1 and let a 1 , . . . , a k−1 be given such that
We begin by proving that there are only finitely many primes p ∈ C n at which M ′ is not min(k, n + 2−codh(R p ))-basic, and hence only finitely many p ∈ C n such that
We note that it is enough to prove this for fixed t :=codh(R p ) and fixed s := µ(M p )−min(l, n+ 2 − t), since s and t will take only finitely many values. For any q ∈ C n with codh(R q ) < t, we obtain the following bound
In the case that grad(I s (M/M ′ )) > t, there are no prime ideals p with codh(R p ) = t that contain I s (M/M ′ ), and in the case that grad(I s (M/M ′ )) = t there are only finitely many such ideals, as follows from the previous lemma.
Now let E be the finite set of primes p ∈ C n at which M ′ is not min(k, n + 2−codh(
Note that this latter condition also holds at all p ∈ C n \ E.
Remark.
1. The statement and proof of Theorem 1 are valid more generally (for instance, as in [5, Theorem A]), provided that R is a commutative Noetherian ring, A a (not necessarily commutative) R-algebra that is finitely generated as an R-module, and M a finitely generated A-module. For given A-modules N the definitions of µ(N p ) and I s (N ) correspond to µ(A p , N p ) and I s (A, N ) respectively, as in [5] . However, we may not relax the condition that R be Noetherian. Furthermore, Part 2 of Theorem 1 (which is analogous to [5, Theorem A(iib)]) can be generalised in the required manner by assuming (a, x 1 ) is basic in A ⊕ M at all p ∈ C n for every a ∈ A, thus obtaining basic elements of the form
Several conclusions follow immediately from Theorem 1, each analogous to the colloraries of [5, Theorem A] . We give the following example, corresponding to a theorem of Serre, that indicates how to formulate these conclusions along the lines of [5] : if P is a projective R-module with a well defined rank greater than max {codh(R p ) | p ∈Spec(R)}, then P splits as a direct sum of rank 1 free modules. (For a proof, see [5, Corollary 1] ; the hypotheses of Theorem 1 are satisfied since P has a well defined rank).
The reduction of ranks of m-torsionless modules
In this section we show that we may 'replace', in an appropriate sense, an m-torsionless Rmodule of rank greater than m by an m-torsionless R-module of rank m.
Theorem 2. Let M be an m-torsionless R-module of rank r ≥ m, and suppose that either dh(M ) < ∞ or R p is a regular local ring for all p ∈ C m . Suppose further that g : R n → M is an epimorphism, that e 1 , . . . , e n constitute a basis for R n and s := n − r + m + 1. Then there exist elements x s , . . . , x n ∈ R n satisfying the following conditions:
1. e 1 , . . . , e s−1 , x s , . . . , x n is a basis for R n .
2. g(x s ), . . . , g(x n ) are linearly independent elements of M . Proof. We proceed by induction on r. If r = m, there is nothing to prove. If r > m, it is enough to show the existence of an element x ∈ R n satisfying the following properties:
1. e 1 , . . . , e n−1 , x is a basis for R n ,
g(x)
is linearly independent,
is m-torsionless and of rank r − 1,
The inequality r > m implies µ(M p ) > m for all prime ideals p in R. Our hypotheses on M and R imply that dh(M p ) < ∞ for all p ∈ C m (in fact, dh(M p ) = 0), since if p ∈ C m , one obtains by the characterization (b m ) of m-torsionless R-modules in the introduction that codh(M p ) = codh(R p ). Hence M p is free for every p ∈ C m . As M has rank r, we have that µ(M p ) = µ(M q ) = r for all p, q ∈ C m . The elements g(e 1 ), . . . g(e n ) generate M , and so by Theorem 1, (2), there exist a 1 , . . . , a n−1 ∈ R such that if x := e n + Σ
It is clear that for this choice of x, condition (1') is satisfied. Since g(x) can be included as part of a basis of the free R p -module M p for any p ∈ C m (and in particular, for any p ∈Ass R), we see that M ′′ p is a free R p -module for these primes p and that g(x) is a linearly independent element of M . Thus (2') follows.
If p / ∈ C m (i.e., codh(R p ) > m), it follows from the exact sequence
′′ has finite homological dimension or R is m-Gorenstein, it follows that M ′′ is m-torsionless. From (2') it follows that rank(M ′′ ) = r − 1.
It only remains to verify (4'). It is elementary to show that p ′ maps the kernel of g onto the kernel of g ′′ . But rank(Ker(g)) = rank(Ker(g ′′ )), whence Ker(p ′ | Ker(g) ) is a torsion-free R-module of rank 0, and thus equal to the zero module.
Remark. We may relax the hypotheses of Theorem 2 while ensuring that Theorem 1 is still applicable to get the following statement:
Suppose M is an R-module such that M p is free for p ∈ C m and such that µ(M p ) ≥ µ(M q ) whenever codh(R p ) > codh(R q ) for p, q ∈ C m . Further, let r := min{µ(M q ) | q ∈Ass R} ≥ m, and g, e 1 , . . . , e n , s be as in Theorem 2. Then there exist elements x s , . . . , x n ∈ R n satisfying conditions (1), (2) and (4) of Theorem 2 and such that the following condition (in place of (3)) holds: (M/(Σ n i=s Rg(x i ))) p is free for p ∈ C m and there is q ∈Ass R with
(The proof is similar to that of Theorem 2 and proceeds by induction on r, in which the conclusion of Theorem 1 serves as the inductive step. One requires only a slightly more subtle argument for (4): an R-homomorphism f : N → N ′ , where N is torsionfree, is injective if and only if for all q ∈AssR, f ⊗ R R q is injective.)
The following corollary shows that under the slightly weaker hypotheses of Theorem 2 on M (respectively R), the projective modules in an exact sequence:
can be chosen in the following prescribed manner:
4. In Theorem 2 (and its corollaries) m is always a lower bound for the rank of the constructed m-torsionless R-modules. We conjecture that this is not a consequence of our method of proof, but is in fact because there are no non-projective m-torsionless R-modules of finite homological dimension and of rank < m. This is always true if either m ≤ 2 or dh(M ) ≤ 1. To see this it is enough to consider the case when R is local. The case m = 1 is trivial. A 1-torsionless, or even more generally, a 2-torsionless R-module of rank 1 is isomorphic to an ideal a of R, which under the given hypotheses has a finite free resolution and has grad(a) ≥ 1. But then a is isomorphic to an ideal a ′ with grade(a ′ ) ≥ 2 ([8, Corollary 5 .6] or [3, Corollary 5.2] ). The ideal a ′ is not 2-torsionless, unless a ′ = R. When dh(M ) ≤ 1, our claim follows from known estimates on the degree of determinantal ideals: the degree of a (rank(M ))-th Fitting ideal of M is, for M free, less than or equal to rank(M ) + 1 (see also [10, Theorem 2] ).
5. [3, Theorem 8.1] derives a particular case of Theorem 3, where n = 3, m = 2, rank(F 2 ) = rank(F 1 ) + 2. The proof given there uses the structure theory of free resolutions developed in [3] .
The following corollary says that every natural number that is the homological dimension of an m-torsionless R-module is also the homological dimension of a (2m + 1)-generated mtorsionless R-module of rank m. The special case m = 1 was proved using entirely different methods by Burch [4] and Kohn [7] .
